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Abstract

Why would one manipulate database relations using only the unary and binary opera-
tors of relational algebra? The avenue of though resulting from attempting to answer
this question inspired the matrix based approach to the manipulation of database rela-
tions presented in this paper. Based on a formally defined ontology for a number of re-
lational database concepts this paper introduces matrix based manipulation of database
relations as defined in this paper.
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Chapter 1

Database Values and Database
Types

1.1 Introduction
This section introduces formal definitions for a number of database concepts such as
database types, database type definitions and database values. The mathematical vehi-
cle used to provide a formal definition of these database concepts is generally known as
Noam Chomsky’s phrase structure grammar. However in this section the terminology
used is adapted to the domain of databases.

1.2 Definition
A database type definition g is defined as a quadruple (N,Σ,S,P)

• N is a non empty finite set of nonterminal symbols

• Σ is a non empty set of terminal symbols.

• S element of N is a distinguished symbol called the start symbol

• P is a set of rewriting rules called production rules of the form:
ω1 ·Aω2 → ω3 ·ω4 A ∈ N

ω1,ω2,ω3, and ω4 are elements (N∪T )∗. The symbol A is called the subject of the pro-
duction rule ω1 ·Aω2 → ω3 ·ω4. ω1 ·Aω2 is called the left-hand side of the production
rules while ω3 ·ω4 represents the right-hand side.

1.3 Types, Type instances and Type templates for Type
definitions

An instance x for a type definition g is an element of Σ∗ for which there exists a finite
sequence ω1 , ω2, ... ωn (n > 1) of so-called type templates of g . A type template ωi
of a type definition g is an element of (N∪Σ)∗ ·(N∪Σ)∗ where the following holds for
ωi:
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ω1 = ·S

ωi = BiCi ·DiEiFi

ωn = x·

For ωi+1the following holds:

1. Di ∈ N then ωi+1 = BiIi ·JiFi and pi =Ci ·DiEi → Ii ·Ji is a production rule where
(1 ≤ i ≤ n−1).

2. Di ∈ T then wi+1 = BiCiDi ·EiFi where (1 ≤ i ≤ n−1).

The set of instances which is can be derived from a type specification g, denoted T (g),
is called the type defined by g. T (g) thus represents the set of all values of the type
defined by G.

1.4 Database values
Let Σ represent a non empty set of symbols called the alphabet of a database. A
database value is defined as:

1. any string over Σ∗.

2. any set of database values is also a database value.

3. when f ,r are database values any pair ( f ,r) is also a database value.

4. when f ,r, i are database values any triple ( f ,r, i) is also a database value.

5. when td = (N,T,S,P) is a type definition, T ⊂ Σ, td is also a database value

6. nothing else is a database value.

Based on the definition of database values provided above, concepts such as database
relations and database attributes will be defined in the following chapter.

1.5 Equality of database values
Let V represent the set of database values over Σ. The equality function eq for database
values is defined as a functionV ×V to {true, f alse}from with the following definition:

1. if v1,v2 are strings in Σ∗, eq(v1,v2)) is defined as v1 = v2 by the definition of
equality for mathematical strings.

2. if v1,v2 are both sets of database values then eq(v1,v2) = true if and only if
|v1| = |v2| and for each x ∈ v1there exists a y ∈ v2 for which eq(x,y) = true.

3. if v1 = (x1,y1),v2 = (x2,y2) are both pairs of database values then eq(v1,v2)is
defined as eq(x1,x2) = true and eq(y1,y2) = true.

4. if v1 = (x1,y1,z1),v2 = (x2,y2,z2) are both triples of database values then eq(v1,v2)is
defined as eq(x1,x2) = true, eq(y1,y2) = true and eq(z1,z2) = true.

5. if v1,v2 are both type definitions then eq(v1,v2) is defined as T (v1) = (T (v2),
which is to say that v1and v2 are equal if the generate the same set of instances.

6. in all other cases eq(v1,v2) = f alse.
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1.6 Database value matrixes
A database value matrix m is defined as a rectangular array of database values.

m =









v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m









where each vi, j where (1 ≤ i ≤ n) and (1 ≤ j ≤ m) is a database value. Database
value matrices have all the properties of mathematical matrices. When defining opera-
tions on database values such value matrixes will be instrumental.
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Chapter 2

Attributes, Tuples, Relations
and Databases

2.1 Defining Database attributes
A database attribute a is defined as a triple (g,a,v) where:

• g is a database type specification

• a is database value called the attribute name of a

• v ∈ T (g), which is to say that v is an instance of the type defined by the type
specification G

The type of the attribute a, denoted type(a) is defined as T (g). The value of the attribute
a, denoted value(a) is defined v. By virtue of being triples of database values, database
attributes are also database values.

2.2 Defining Database tuples
A database tuple t is defined as a set of database attributes such that for each a =
(ga, ia,va) ∈ t the attribute name ia is unique. The type or heading of a tuple t respec-
tively denoted type(t) and heading(t) is defined as the set of pairs {(ga, ia)|(ga, ia,va)∈
t}which is the set of attribute types in t. By virtue of being sets of database values
database tuples and database tuple types are also database values. Where G,V respec-
tively represent the set of type specifications and the set of database values over an al-
phabet Σ. The interpretation function of a database tuple t = {(g1, i1,v1),(g2, i2,v2), ...,(gn, in,vn)}
denoted interpretation f (t) from G×V to V is defined as the set of pairs { ((g1, i1),v1),
((g2, i2),v2), ..., ((g2, i2),v2)}. Thus interpretation f (gi, ii) = vi for each (gi, ii,vi) ∈ t.
By virtue of being a set of database values, interpretation functions are also database
values.
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2.3 Defining Database relations

2.3.1 Definition
A database relation r is defined as a triple (gr, ir,vr) where:

• vr is a set of tuples S such that for each tuple t1, t2 ∈ S is holds that type(t1) =
type(t2). Additionally each tuple t ∈ vr can be partitioned into two sets Ii,C
where:

– Ii, denoted id(t), represents a nonempty set of database attributes called
the identity of t in vr. For each t1, t2 ∈ vr it holds that type(id(t1)) =
type(id(t2)). For each t1, t2 it holds that id(t1) = id(t2) if and only if t1 = t2.
Each a ∈ Ii is called an identity attribute. The identity type of the relation r
is defined as type(id(t)) where t ∈ vr.

– C, denoted ca(t), represents a possibly empty set of database attributes
called characteristic attributes. For each t1, t2 ∈ vr it holds that type(ca(t1)) =
type(ca(t2)).

• ir is a database value called the relation name of r .

• gr is a type definition such that vr ∈ T (gr).

The type of the database relation r, denoted type(r) is defined gr. The value of the
database relation r, denoted value(r) is defined as vr. By virtue of being triples of
database values, database relations are also database values. Where G,V respectively
represent the set of database type specifications and the set of database values over
an alphabet Σ. The interpretation function of a database relation r = (g, i,v) denoted
interpretation f (r) from G×V to V is defined as: interpretation f (r)r = {((type(id(t)), id(t)), t)|t ∈
v}.

2.4 Defining Databases
A database d is defined as a triple (C, i,R) where:

• R is a set of database relations denoted value(d) such that for each r = (gr, ir,vr)∈
R the relation name ir is unique

• i is a database value called the database name of d.

• C is a set of database integrity constraints. A database integrity constraint c of a
database d is defined as a triple ( f ,c, p) where c = (rc,gc,kc) is called the child
and p = (rp,gp,kp) is called the parent of the constraint. Where V is the set of
database values alphabet Σ, f : V ×V →V . For the database integrity constraint
c it holds that:

– rc,rp ∈ R
– For each tc ∈ rc there must exist a tp ∈ rp for which it holds that f (gc,kc) =

kp while T (kp) = type(id(tp)) and kp = id(tp).

Where G,V respectively represents the set of type specifications and the set of database
values over an alphabet Σ. The interpretation function of a database d = (C, i,{(g1, i1,v1),(g2, i2,v2), ...,(gn, in,vn)})
denoted interpretation f (d) from G×V to V is defined as the set of pairs { ((g1, i1),v1),
((g2, i2),v2), ..., ((gn, in),vn)}. Thus interpretation f (d) = {((g, i),v)|(g, i,v)∈ value(d)}.
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Chapter 3

Operations on database
relations as matrixes

3.1 Introduction
Given the definition of database values presented in the first chapter of this paper many
different classes of operations can be defined on database value. However the specific
focus of this chapter is on operations on matrixes of database values. Operations on
database value matrixes can be partitioned into three classes corresponding to classes
of operations defined on matrixes in general.

• scalar relation operators

• additive relation operations

• multiplicative relation operators

This classification is taken from a classification of operations on mathematical matri-
ces.

3.2 Scalar matrix operators
Let v be a database value matrix while, while V represents the set of all database values
and f : V →V , be a function. Let

v =









v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m









A scalar operator f (x)on the the value v is defined as :

f (x)









v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m









=









f (v1,1) f (v1,2) ... f (v1,m)
f (v2,1) f (v2,2) ... f (v2,m)

... ... ... ...

f (vn,1) f (vn,2) ... f (vn,m)









Viewing each vi, j in the matrix above as the value of a database relation allows
relational algebra’s NOT to be readily classified as a scalar matrix operation. 1

1This is not to say that there exist no other ways to classify the NOT operator
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3.3 Additive matrix operators
Let v1,v2 be a database value matrixes, while V represents the set of all database values
and + : V ×V →V , be a function. Let

v1 =









v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m









and v2 =









w1,1 w1,2 ... w1,m)
w2,1 w2,2 ... w2,m
... ... ... ...

wn,1 wn,2 ... wn,m









.

The result of an additive relation operator+ on v1 and v2 denoted value(r1) +
value(r2) is defined as:









v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m









+









w1,1 w1,2 ... w1,m)
w2,1 w2,2 ... w2,m
... ... ... ...

wn,1 wn,2 ... wn,m









=









v1,1 +w1,1 v1,2 +w1,2 ... v1,m +w1,m)
v2,1 +w2,1 v2,2 +w2,2 ... v2,m +w2,m

... ... ... ...

vn,1 +wn,1 vn,2 +wn,2 ... vn,m +wn,m









.

When each vi, j, wk,l in the matrixes above represent relation values, which are but
the sets of database tuples, it is quickly recognized that binary operators in relational
algebra can be classified as additive database matrix operators. 2

3.4 Operator matrixes
An database operator matrix O is defined as a rectangular array of functions fi, j where
(1 ≤ i ≤ n) and (1 ≤ j ≤ m) are functions fi, j : V →V where V represents the set of all
database values.

O =









f1,1 f1,2 ... f1,m
f2,1 f2,2 ... f2,m
... ... ... ...

fn,1 fn,2 ... fn,m









3.5 Multiplicative matrix operators
Let V represent the set of all database values while+ represents a binary function from

V → V to V . Let M =









v1,1 v1,2 ... v1,p
v2,1 v2,2 ... v2,p
... ... ... ...

vm,1 vm,2 ... vm,p









be a database value matrix. Let

O =









f1,1 f1,2 ... f1,n
f2,1 f2,2 ... f2,n
... ... ... ...

fp,1 fp,2 ... fp,n









be an operator matrix. The multiplicative product of

Mand O, denoted MO is defined as:








v1,1 v1,2 ... v1,m
v2,1 v2,2 ... v2,m
... ... ... ...

vn,1 vn,2 ... vn,m

















f1,1 f1,2 ... f1,n
f2,1 f2,2 ... f2,n
... ... ... ...

fp,1 fp,2 ... fp,n









=









c1,1 c1,2 ... c1,n
c2,1 c2,2 ... c2,n
... ... ... ...

cm,1 cm,2 ... cm,n









where for each ci, j, (1≤ i≤m) and (1≤ j ≤ n), can be written as: ci, j = f1, j(vi,1)+
f2, j(vi,2)+ ..+ fp, j(vi,p). Alternatively we may write ci, j = Σp

k=1 fk, j(vi,k).

2It is not really relevant which particular definition of the relational operators the reader might prefer
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Chapter 4

Concluding and future work
remarks

4.1 Looking back
This paper introduced a formal a definition of a database ontology. Database matri-
ces are suggested as a primary means for the effective manipulation of concepts such
database base values and database tuples which were formally defined in the database
ontology.

4.2 Looking forward
It is currently recognized that there exist different ways to map database concepts unto
matrixes for manipulation. The actual way in which database based concepts are to be
mapped unto matrices for manipulation is expected to be determined by the specifics of
the transformation to be applied and the properties of the database values to be trans-
formed. Expediently incorporating matrix manipulation techniques in future databases
is deemed a valuable area of research.
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